Abstract -The mechanics of the blood flow in a flexible tapered artery with stenosis is studied from the viewpoint of a mathematical model. The flowing blood is represented by a two-fluid model, consisting of a core region of suspension of all erythrocytes assumed to be characterized by a Casson fluid and a peripheral plasma layer free from cells of any kind as a Newtonian fluid. The moving wall of the artery is treated as an anisotropic, linear viscoelastic incompressible circular cylindrical membrane cell. The effect of the surrounding connective tissues on the motion of the artery wall is also given due attention. The unsteady flow mechanism, subjected to a pulsatile pressure gradient has been solved using the finite difference scheme by exploiting the appropriate physically realistic prescribed conditions. The present model is also employed to study the effect of taper angle, the wall deformation, the severity of the stenonis, the viscosity of the peripheral layer, and the non-Newtonian rheology of streaming blood on the dynamic flow field. Finally, the numerical illustration presented at the end of the paper provides an effective quantitative measure of the flux, the resistive impedance and the wall shear stress through their graphical representations and also a few comparisons with the existing results have been made in order to validate the applicability of the present model. 
Introduction
The partial occlusion of arteries due to steonotic obstruction is one of the most frequent anomalies in blood circulation. It is well known that, once such obstruction appears in the arterial lumen, the blood flow is significantly altered leading to a malfunction of the cardiovascular system. The fluid dynamical factors play an important role in the further development of such arterial diseases. In recent years, the interest in hemodynamical studies has grown appreciably due to the fact that many cardiovascular diseases are closely related to the flow conditions in the blood vessels [12] . Under normal physiological conditions, the transport of blood in the human circulatory system depends entirely on the pumping action of the heart producing a pressure gradient throughout the arterial system. For clear understanding of the development of stenosis from the physiological point of view, one needs to be fully conversant with the haemodynamic characteristics of the flowing blood together with the mechanical properties of the vascular wall material under physiological conditions. Understanding of constricted blood flow results from quite a good number of theoretical, computational and experimental efforts, a steady flow through an axisymmetric stenosis has been investigated extensively by Smith [27] using an analytical approach indicating that the flow patterns strongly depend on the geometry of the stenosis and upstream Reynolds' number.
Realizing the fact that the pulsatile nature of the flow cannot be neglected, many theoretical analysis and experimental studies of the flow through stenosis have been performed [2, 10, 18, 33, 36] . In most of the studies mentioned above, the flowing blood is assumed to be Newtonian. The assumption of the Newtonian behavior of blood is acceptable for a high shear rate flow in the case of a flow through larger arteries. It has now been well accepted that blood, being a suspension of cells, behaves like a non-Newtonian fluid at a low shear rate in smaller arteries under certain flow conditions [7, 13, 19-22, 25, 30, 32] .
Some researchers [3, 31] propounded that for blood flowing through small vessels there is an erythrocyte-free plasma (Newtonian) layer adjacent to the vessel wall and a core layer of a suspension of all erythrocytes (non-Newtonian). Accepting this idea, several studies [14, 24, 26, 28, 29] revealed that the existence of the peripheral layer would be of some significance in the functioning of the flow characterics in the arterial system. Charm and Kurland [6] pointed out in their experimental findings that the Casson model could be the best representative of blood and that it could be applied to the blood of humans. In most of the investigations relevant to the domain under discussion, the flow is mainly considered in cylindrical pipes of a uniform cross section. But it is well known that the blood vessels bifurcate at frequent intervals and the diameter of the vessels varies with distance, as propounded by Whitemore [34] . Hence the concept of the flow in a varying cross-section forms the prime basis of a large class of problems in understanding the blood flow. Some researchers [5, 9, 15] pointed out that most of the vessels could be considered as long and narrow, slowly tapering cones.
With the above considerations in mind, a good attempt is made in the present theoretical investigation to examine some of the significant characteristics of the two-layered non-Newtonian rheology of blood flowing through a tapered flexible artery in the presence of stenosis under a pulsatile pressure gradient. The flowing blood is assumed to be a two-fluid model consisting of a core region characterized by the Casson model and a peripheral layer of plasma as a Newtonian fluid. As was experimentally observed, the damping material behavior of the vascular wall tissue potentially contributes to the flow characteristic of blood, the stenosed artery is considered to be an anisotropic, viscoelastic cylindrical tube. An extensive quantitative analysis is carried out by performing large-scale numerical computations of the quantities having major physiological significance that are presented graphically with adequate discussions so as to justify the applicability of the improved model under study.
Formulation of the problem
The segment of the tapered stenosed artery under study is modelled as a cylindrical tube whose wall material is treated as an anisotropic linear viscoelastic material containing a two-layered fluid in which the core layer is characterized by the Casson model, while the peripheral layer of plasma is treated as a Newtonian fluid. Let (r, θ, z) be the coordinates of the material point in the cylindrical polar coordinate system, where the z-axis is taken along the axis of the artery, while r, θ are taken along the radial and the circumferential directions respectively. The geometry of the stenosis (cf. Fig. 1 ) is described mathematically as Figure 1 . Schematic diagram of the arterial segment with a stenosis and a peripheral layer.
where R(z) denotes the radius of the tapered arterial segment in the constricted region, a is a constant radius of the normal artery in the nonstenotic region, φ is the angle of tapering, and l 0 is the length of the stenosis. Here, (τ m , δ m , p m ) cos φ is taken to be the critical height of the stenosis and the bulging of the interfaces at z = d + The governing equations of motion of the arterial wall when it is subjected to inertial forces and the force of constraint representing the reactions of the surrounding connective tissues may be put in the form
in which M 0 = M a ρ 0 h where ρ 0 and h are the mass density and the wall thickness of the arterial wall respectively. Here (ξ, η) represent the displacement components of the vessel wall along the axial and the radial directions respectively, while (σ z , σ θ ) are the respective viscoelastic stress components acting along the longitudinal and the circumferential direction. Symbols K l , C l and M a represent (per unit area) the spring coefficient, the frictional coefficient of the dashpot, and the additional mass of the mechanical viscoelastic model, respectively, [1, 23] of longitudinal tethering and K r , C r are those in the radial direction.
Let us consider the stenotic blood flow in the artery to be nonlinear, unsteady, axisymmetric, one-dimensional and fully developed, where the flowing blood is considered to be composed of a non-Newtonian core fluid and a Newtonian peripheral plasma fluid. The flow has a nonzero yield stress region which is signified by the plug radius. The appropriate equations describing such a two-fluid flow in the cylindrical coordinate system may be written as
where w i and µ i (i = 1, 2) are the the axial velocity components and the viscosities of the blood in the central core region for R p (z) r R 1 (z) and in the plasma region for
, respectively, p is the pressure, ρ is the density of the blood, and w p denotes the constant velocity of the plug flow [0 r R p (z)]. Here and in the sequel,
Here τ 0 and τ rz are, respectively, the yield stress and the shear stress.
Further we represent the pumping action of the heart by the pressure gradient ∂p ∂z presented in (5) and (6) produced by it, whose form was taken from Burtan [4] for human beings as
where A 0 is the constant amplitude of the pressure gradient, A 1 is the amplitude of the pulsatile component giving rise to systolic and diastolic pressure; ω = 2πf p , f p is the pulse rate.
Constitutive Relations
As for experimental observations, the arterial wall may be treated as an anisotropic, linear viscoelastic incompressible membrane shell and the constitutive relations for the axisymmetric deformation may have the following form:
where E z , E θ are the strain components along the longitudinal and the circumferential directions respectively, p 1 being the hydrostatic pressure and (K 
Boundary Conditions
At the interface between the central core and the peripheral plasma layer of the fluid media, the velocities and the stresses are assumed to be continuous, which can be written mathematically as
Consider that the blood particles adhere to the inner surface of the arterial segment, the velocity of the flowing blood particles on the arterial wall surface may be taken to be equal to the velocity of the wall. This can be given mathematically as
Moreover, it is assumed that initially no flow takes place when the system is at rest, which means
Method of Solution
Substituting the constitutive relations (8) and (9) into (2) and (3) and employing the shorttime-range approximation, one finds
and
The above equations (13), (14) are transformed to the following form:
where the variables with an overscribed bar designate their Laplace transforms and s is the transformation variable. Equation (16) yields
in which the expressions for the coefficients f i 's (i=1,2,3,4) are included in Appendix. Substituting equation (17) into equation (15), one can express the following second-order differential equation inξ as
where g ik 's (k=1,2,3,4) have their expressions included in Appendix.
Before we search for the solution of equation (18), let us now focus our attention on the homodynamic factors only. We now introduce a radial coordinate transformation, given by
Using the above transformation, the equation of motion (4)- (6) governing the blood flow together with conditions (10)- (12) take the following form:
with
Finite Difference Approximation
Although finite elements and finite volume methods are well suited for solving hemodynamical problems, the finite difference technique is easy and cheap to employ. The finite difference scheme for solving equations (18), (20) and (21) is based on the central difference formula in order to transform all spatial derivatives in the following manner:
while the time derivatives are transformed by their forward difference approximations given by
where ∆ = ∆x for m = 1, ∆x for m = 2.
Here w m (x, z, t) is discretized to w m (x j , z i , t k ) and, in turn, to (w m ) k i,j where we define
. .) for the entire arterial segment under study with ∆x, ∆x are the increments in the radial direction for the core layer (β x α) and for the plasma layer (α x 1), respectively, while ∆z is the increment in the axial direction and ∆t is the small time increment.
Using the above finite difference scheme, equation (18) can be expressed as the following difference equation given by (27) which is uncoupled and tridiagonal. It is first solved by using the Thomas algorithm. Once the axial displacement component of the vessel wall in the transformed space has been obtained, its inversion is also carried out by employing numerical techniques [11] . Using (25) and (26), (20) and (21) can be transformed to the following difference equations:
where the notations ( ) i , ( ) j , ( ) k indicate that in the expressions z, x, t and R i are replaced by z i , x j , t k and R[z(i)], respectively, wherever they appear.
Also the prescribed conditions (22)- (24) together with the initial condition have their finite difference representations given by
where the indices N c + 1 and N + 1 correspond to x = α and x = 1 respectively. The difference equations (28) and (29) are solved for w 1 and w 2 , making use of the stated conditions (30)-(33) throughout the arterial segment under consideration. The velocity of the plug flow, i.e., w p can be obtained by putting x = β in equation (28) . Now, with the help of the axial flow velocities for both the core and plasma layers, one can easily determine the volumetric flow rate (Q), the resistive impedance (λ), and the wall shear stress (τ ) from the following relations given by
Finally, the expressions for the dimensionless flux (Q * ), the resistance to the flow (λ * ), and the wall shear stress (τ * ) are given as
where Q n , λ n , and τ n are the flux, the resistance to the flow and the wall shear stress respectively for the normal artery in the absence of a peripheral layer.
Numerical Results and Discussions
We have provided a specific numerical illustration using the available experimental data for the various physical parameters involved in the present analysis in order to check the validity of the mathematical model under consideration. , M a = 0.70, C = 550, K = 1.6 × 10
, ∆x = 0.0125, ∆x = 0.005, ∆z = 0.1. Also, it is intuitively assumed that C r C l and K r K l because of the lack of information on these parameters.
The explicit difference scheme has been found to be quite effective in solving equations (28) and (29) Figure 2 exhibits the distribution of the flow rate over the stenosed arterial segment at t = 0.5 sec The flow rate curves following the outline of stenosis appear to diminish at the onset of the stenosis until the maximum constriction site is reached and thereafter they increase downstream along the diverging section of the stenosis. However, it assumes relatively higher unperturbed values in the nonconstricted portion of the artery. Moreover, the fact that the flow rate is reduced considerably in the absence of any arterial wall motion (C 1 + N 2 , rigid wall) helps establishing the importance of the consideration of the vessel wall deformability in the present model. It may be considered that if the flowing blood is treated as a two-layer Newtonian model (N 1 + N 2 ) , the rate of flow is noted to increase considerably. One can also notice that the rate of flow decreases to a considerable extent as the peripheral layer viscosity increases. Same phenomena can be observed in case of decreasing the peripheral layer thickness, i.e., for increasing α from 0.95 to 0.985, which is in good agreement with those of Mandal [14] who studied the two-layer model of a pulsatile flow by treating the flowing blood as an inhomogeneous Newtonian fluid. Figure 3 indicates how the resistive impedances are influenced by the unsteady behavior of the flowing blood as well as by the vessel wall distensibility, the peripheral layer viscosity, the peripheral layer thickness and by the two-layer Newtonian model of streaming blood. The resistances to the flow, unlike the characteristics of the flow rate, start increasing at the onset of the stenosis from relatively lower unperturbed values in the nonconstricted portion until its maximum constriction followed by a decline downstream as the constriction approaches its minimum. One may observe that the flowing blood experiences much higher resistances to the flow in the absence of vessel wall distensibility and in the case of increasing peripheral layer viscosity and thickness. But a completely reverse phenomenon is observed in the case of the two-layer Newtonian model, consequently, the effect of the wall distensibility, the peripheral layer thickness, the viscosity of blood, and the two-layer model of Newtonian fluid on the resistances to the flow can be estimated through a direct comparison of the relevant curves corresponding to the same instant of time t = 0.5 sec. The results of the wall shear stress distributed over the entire stenosed arterial segment at a particular instant of time t = 0.5 sec are presented in Fig. 4 . The stresses appear to be tensile in nature throughout the arterial segment and become maximum only at the critical location where the artery assumes its constriction maximum except for the case of increasing peripheral layer viscosity where the wall shear stress at the stenotic portion is, however, slightly perturbed but with an appreciable deviation of magnitude. Besides these if one disregards the vessel wall distensibility, the stresses are noted to decrease considerably which, in turn, clearly estimates the effect of vessel wall deformability on the wall shear stress over the arterial length under consideration. The present distribution is believed to play an important role in detecting the aggregation sites of platelets as propounded by Fry [8] that the growth and deterioration of endothelial cells of the arterial wall are closely related to the generation of shear stress on the arterial wall. The variation of the flow rate with time spanned over a period of six cardiac cycles at a critical location of z = 15 mm in the constricted region of the tapered artery is shown in Fig. 5 . The pulsatile nature of the flow rate has been found to be distributed for all curves throughout the time scale considered here. The flow rate for a nontapered artery (φ = 0 • ) possesses a relatively higher magnitude than that of a positively tapered (converging) artery (φ = 0.1 • ). However, the magnitude of the flow rate for a diverging tapered artery is always higher than that of a nontapered and positively tapered one. Furthermore, the corresponding single homogeneous layer of the Newtonian model yields an analogous behavior of the flow rate with higher magnitudes. Hence the influence of the taper angle and the non-Newtonian rheology of the two-layer blood flow characterized by the Casson model on the flow rate can be quantified if one analysis the relevant curves of the present figure. One may also take note from the present figure that the wall shear stress diminishes to a considerable extent in the case of the single-layer Casson model, i.e., in the absence of a peripheral plasma layer. Studying all the results of the present figure, one may conclude that the presence of the taper angle, the non-Newtonian rheology of the flowing blood represented by the two-layer Casson model certainly bear the potential to influence the flow rate to a considerable extent in the realm of the physiological flow phenomena. Figure 6 shows how the resistances to the flow are influenced by the unsteady behavior of the flowing blood represented by the two-layer Casson model as well as by the vessel tapering and the non-Newtonian characteristics of the streaming blood. The resistance to the flow follows a reverse trend as compared to Fig. 5 in the way that the streaming fluid experiences a higher resistance when the rate of flow in the constricted tapered artery is correspondingly lower and vice-versa. Unlike the characteristic of the flow rate, one may observe that the flowing blood experiences a much higher resistance in the case of the single-layer Casson model compared to the two-layer Casson model which supports qualitatively well the results of Srivastava and Saxena [29] who studied a two-layer one-dimensional model of the blood flow consisting of a core region assumed to be a Casson fluid and a peripheral layer of plasma as a Newtonian fluid. However, the effects of tapering and non-Newtonian rheology of flowing blood on the resistive impedance are not ruled out from the present investigation. The variation of the time-dependent wall shear stress at the specific location z = 15 mm corresponding to a constricted zone of a tapered artery is portrayed in Fig. 7 . When the flowing blood is treated as a single-layer Casson fluid and a single-layer Newtonian fluid, there is a remarkable variation of the stress characteristics when small fluctuations with some fixed amplitude keep the stress steady with the advancement of time. However, the flowing blood characterized by the single-layer Casson model experiences a higher wall shear stress than that of the single-layer Newtonian model as is evident from the relevant curves of the present figure. The presence of arterial tapering and the two-layer Casson model always leads to a higher wall shear stress than that of the single-layer model almost immediately after the first cardiac cycle but shows a somewhat different behavior right from the systolic phase of the first cardiac cycle forming an undulating nature of the decreasing trend with time. Thus, the presence of arterial tapering, a peripheral layer, and non-Newtonian rheology of the flowing blood affects the wall shear stess to a considerable extent as is evident from the present figure.
To make a comparative study with the existing results in order to substantiate the validity of the present theoretical analysis, some critical results for Q * increases as the thickness of the peripheral layer increases. In addition, one may also notice that in all the cases Q * decreases as the size of stenosis increases for a given set of parameters. These results do agree qualitatively well with those of Mandal [14] who studied a two-layer blood flow consisting of a core region of suspension of erythrocytes assumed to be inhomogeneous Newtonian and a peripheral plasma layer as a Newtonian fluid. The plots in Fig. 9 show the effect of the peripheral layer viscosity and the peripheral layer thickness on the distribution of the dimensionless resistive impedances (λ * ) with a variance of the stenosis size τm a at a specific location of z = 15 mm at t = 0.5 sec. One may notice that the resistance to the flow increases in magnitude to a considerable extent as the stenosis size increases from 0 to 0.2. It may also be noted that the magnitudes of the resistance to the flow under the given set of conditions increases with increasing peripheral layer viscosity and with decreasing peripheral layer thickness, which is in good agreement again with the results of Srivastava and Saxena [29] , who studied a two-layer one-dimensional model of a steady blood flow consisting of a core region assumed to be a Casson fluid and a peripheral layer of plasma as a Newtonian fluid. Moreover, comparisons have also been made with the existing results [28, 35] , where the authors studied a one-dimensional model of the blood flow in the absence of a peripheral layer. The considerable deviation of the results thus obtained from the first and the fifth curves can be attributed to the factors such as unsteadiness and vessel wall deformability in the realm of arterial mechanics as encountered in the present improved model. Finally, the concluding Fig. 10 illustrates the effects of the peripheral layer viscosity and the peripheral layer thickness on the dimensionless wall shear stress (τ * ) plotted with various stenosis sizes τm a corresponding to the location of z = 15 mm of the tapered artery at t = 0.5 sec. The notable feature is that the upward trend of the curves indicates the enhancement of the stress due to the increase of the severity of stenosis for all the cases. This in turn can show that the greater the severity of stenosis, the greater the wall shear stress. Again, it can easily be estimated that as the viscosity of the peripheral layer increases from 0.3µ 1 to 0.5µ 1 , the dimensionless wall shear stress increases if one follows the relevant curves of the present figure. These features are once again in good agreement with the results of Srivastava and Saxena [29] whose studies were based on a one-dimensional model of the blood flow in rigid arteries under steady-state condition.
The significance of the consideration of any improved mathematical model such as the present one can now be completely understood from the above discussion. Studying the present quantitative analysis, it may be remarked that the effects of the peripheral layer viscosity, the peripheral layer thickness, the presence of a peripheral layer, the non-Newtonian rheology of the flowing blood, the unsteadiness, and the taper angle on the flux, the resistance to the flow, and the wall shear stress are quite significant and thus it is strongly believed that the present model would certainly be of considerable interest in biomedical applications which in turn validates the applicability of this model.
